
Extended Coupled Cluster approach to Twisted Graphene Layers

A dissertation submitted to The University of Manchester for the degree of

Master of Science by Research in Theoretical Physics

in the Faculty of Science and Engineering

Year of submission

2023

Ingvars Vitenburgs

School of Natural Sciences

Department of Physics and Astronomy



Contents

Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

Declaration of originality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

Intellectual property statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Example Application of QuantumMany-Body Methods . . . . . . . . . . . . . . . . . . 7

2.1 Interacting Electrons in a Infinite 1D Well . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Quantum Many-Body Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Exact Diagonalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.2 Coupled Cluster . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.3 Hartree-Fock . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Numerical Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 The case of 3 Electrons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.2 The case of 15 Electrons . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3 Study of Correlation Effects in Single Layer Graphene . . . . . . . . . . . . . . . . . . . . 17

3.1 Application of Ewald Summation to the Periodic Lattice . . . . . . . . . . . . . . . . 17

3.2 Description via Extended Coupled Cluster . . . . . . . . . . . . . . . . . . . . . . . 18

3.3 Numerical Simulations with PyTorch . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4 Study of Correlation Effects in Twisted Bilayer Graphene . . . . . . . . . . . . . . . . . . 27

4.1 The Bistritzer-MacDonald Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

5 Conclusion and Further Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

Word count: 11500

2



Abstract

Correlated systems are usually studied using the normal coupled cluster method. Unfortunately,

this method is only a small subset of the actual description of such systems, with symmetry-breaking,

required for studying phase transitions, not permitted. Additionally, in the strong correlation regime

it is known to breakdown. Therefore, in this dissertation a workflow for the extended coupled clus-

ter framework is presented up to doubles truncation. This is done using the particle-hole formalism

in order to produce manageable algebra with automatic differentiation as a way to solve the equa-

tions. It is further discussed to be equivalent to adding correlation treatment directly to Hartree-

Fock. A novel study of correlation effects in twisted bilayer graphene is presented as a practical ap-

plication. This is accomplished by using the Bistritzer-MacDonald model with a double metallic gate

potential to account for electrostatic interactions in an experimental setting. Simulations at singles

truncation agreed with previous Hartree-Fock studies, while correlation effects at doubles trunca-

tion showed insignificant contributions to the band structure, but a relatively significant increase

of the Fermi level, indicating lower filling requirements for the phase transition. Tensor contraction

is suggested as a way to significantly reduce the computational cost of this workflow and permit

studies of valley and spin effects as well as other larger systems.
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1 Introduction

Quantum many-body techniques are used to analytically, and possibly numerically, describe vari-

ous nanoscale systems with the main objective, in comparison with experimental science, of un-

derstanding the underlying processes at a level that cannot be directly measured, subsequently

calculating properties that can.

The earliest such method [1] can be dated back to 1928 - the Hartree-Fock method. Since then

many others have been developed, with different balances between accuracy and speed. Some

notable examples are density functional theory [2] described by Hohenberg and Kohn in 1964,

several post Hartree-Fock methods, such as coupled cluster, redefined by Čížek [3] for electronic

structure calculations in 1966, several versions of quantum Monte Carlo methods, with their ori-

gins even tracing back [4] to the 1950s and etc. An interesting modern-day development by Carleo

and Troyer [5] includes using reinforcement-learning techniques for this problem.

In this dissertation, expressions and simulation procedures are developed for the extended cou-

pled cluster method [6]–[11]. This is done using the particle-hole formalism, in order to produce

manageable algebra. The goal is therefore to add consideration of correlation effects directly to

the Hartree-Fock method, which is only partly present in normal coupled cluster. This is espe-

cially important for strongly correlated systems with phase transitions, in order to allow symmetry-

breaking. While it is possible to implement coupled cluster on top of Hartree-Fock [12], this only

provides a quantitative analysis. Another small area of development, presented here, is the use of

automatic differentiation [13], [14] in minimizing energy functionals in quantum many-body tech-

niques. This has the potential to decrease the amount of work required for developing these kinds

of new methods.

To show the newly developed method in action, a suitable candidate - twisted bilayer graphene -

is computationally described with the use of a low energy continuum model [15], [16]. The causes

of superconducting and insulating phases, recently discovered [17], [18] in this system, are of great

interest. Recent Hartree-Fock studies [19], [20] suggest that long range electrostatic interactions

play a significant role in this system and thus correlation effects need to be accounted for as well.

While there is a even more recent coupled cluster study [21] looking at this, methods that permit

symmetry-breaking should be used, because of the aforementioned phase transitions. It is worth

noting the most recent work on this problem, exploring the introduction of magnetic orderings

into the continuum approximation [22] and conservation of instantaneous two-point correlation

functions in the random phase approximation method [23].

Additionally, studies of correlation effects of trapped electrons in one dimension and single layer

graphene are presented here as well, mainly for educational purposes of the author. It may be ar-

gued that the use of the Ewald summation technique, in calculating electrostatic effects for graphene,

might be excessive and is present for educational purposes as well.
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2 Example Application of QuantumMany-Body Methods

The one dimensional electron gas is a fundamental problem and an ideal candidate to study quan-

tum many-body techniques. Therefore, in this section the performance of Hartree-Fock and the

coupled cluster method is compared for this problem, with exact diagonalisation used as a refer-

ence in the case of 3 particles. Further, the more complex case of 15 particles is presented. Both,

ground and excited, state properties are examined.

2.1 Interacting Electrons in a Infinite 1D Well

It is well known [24] that the static properties of quantum systems are determined by the station-

ary Schrödinger equation

Ĥ|Ψ⟩ = E|Ψ⟩ (1)

In the case of a single electron, trapped in an infinite well of width L, it can be easily shown that

the resulting wavefunction is

⟨ψn|x⟩ =

⎧⎨⎩
√︂

2
L
sin
(︁
nπ
L
x
)︁

if x ∈ [0, L]

0 otherwise
(2)

While this solution set is obviously valid for only a single electron, it can serve as a good set of basis

functions. This means that a solution in the case ofN electrons for a state with quantisation num-

bers {mi} and coordinates {xi} can be expressed as a linear superposition of these functions

⟨ψ{mi}|x1, x2, . . . , xN⟩ =
∑︂
{ni}

C
{ni}
{mi}

N∏︂
i=1

⟨ψni
|xi⟩ (3)

Here summation is done over all possible sets of quantisation numbers {ni}. For an exact solution,

all ni would go up to infinity, so in practice truncation is applied, only taking into account states

up to a certain level: ni ∈ [1, nmax]. The methods, described further in this subsection, are essen-

tially different ways of calculating coefficients C{ni}, whilst balancing between accuracy and perfor-

mance.

TheN electron Hamiltonian for the system described above is given by
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Ĥ = −
N∑︂
i=1

h̄2

2me

∂2i −
N∑︂
i ̸=j

e2

4πϵ0|xi − xj|
(4)

To ease calculations, this can be rewritten in second quantisation [25], using the single particle ba-

sis described above

Ĥ =
nmax∑︂
n=1

n2â†nân +
1

4

nmax∑︂
pqrs

⟨pq||rs⟩â†pâ†qâsâr (5)

For computational convenience, energy and length scales in this expression and further have been

re-defined in terms of the ground state energy of a single trapped electron h2

8mL2 and Bohr radius

a0. Here ⟨pq||rs⟩ are the anti-symmetrized (due to the fermionic nature of the problem) potential

matrix elements

⟨pq||rs⟩ = 8L

π3

∫︂ π

0

∫︂ π

0

sin(px) sin(qy)[sin(rx) sin(sy)− sin(sx) sin(ry)]

|x− y|
dxdy (6)

This rank 4 tensor can be easily evaluated numerically using the quad function, part of the SciPy

[26] software library. Additionally, it is easy to spot that only elements with |p − q| = |r − s| are
non-zero and ⟨pq||rs⟩ = −⟨qp||rs⟩ = −⟨pq||sr⟩ = ⟨qp||sr⟩.

2.2 QuantumMany-Body Methods

2.2.1 Exact Diagonalization

Exact diagonalization is one of the most precise methods in many-body quantum physics. Unfor-

tunately, as will be seen further, it is only practically applicable to small problems. The idea is to

expand the interacting wavefunction ⟨ψnml|x1, x2, x3⟩ in terms of all unique permutations of an ap-

propriate multi-particle basis functions ⟨ψ|x⟩. For example, a non-interacting one, defined by the

Slater determinant. In the case of three particles, which will be used as a reference to compare to

Hartree-Fock and coupled cluster, this can be written as

⟨ψnml|x1, x2, x3⟩ =
nmax∑︂
a<b<c

Cabc
nml√
6
(⟨ψa|x1⟩⟨ψb|x2⟩⟨ψc|x3⟩ − ⟨ψa|x1⟩⟨ψb|x3⟩⟨ψc|x2⟩+

+ ⟨ψa|x2⟩⟨ψb|x3⟩⟨ψc|x1⟩ − ⟨ψa|x2⟩⟨ψb|x1⟩⟨ψc|x3⟩+ ⟨ψa|x3⟩⟨ψb|x1⟩⟨ψc|x2⟩−

− ⟨ψa|x3⟩⟨ψb|x2⟩⟨ψc|x1⟩)

(7)

8



The solution is found by first obtaining the Hamiltonian matrix elements in terms of this basis

(ĤED)abc,a′b′c′ = ⟨abc|Ĥ|a′b′c′⟩ = ⟨0|âaâbâcĤâ†c′ â
†
b′ â

†
a′|0⟩ = −(a′)2δab′δbc′ + (a′)2δab′δcc′+

+ (a′)2δac′δbb′ − (a′)2δac′δcb′ − (a′)2δbb′δcc′ + (a′)2δbc′δcb′ + (b′)2δaa′δbc′ − (b′)2δaa′δcc′−

− (b′)2δac′δba′ + (b′)2δac′δca′ + (b′)2δba′δcc′ − (b′)2δbc′δca′ − (c′)2δaa′δbb′ + (c′)2δaa′δcb′+

+ (c′)2δab′δba′ − (c′)2δab′δca′ − (c′)2δba′δcb′ + (c′)2δbb′δca′ − δaa′⟨bc||b′c′⟩+ δab′⟨bc||a′c′⟩−

− δac′⟨bc||a′b′⟩+ δba′⟨ac||b′c′⟩ − δbb′⟨ac||a′c′⟩+ δbc′⟨ac||a′b′⟩ − δca′⟨ab||b′c′⟩+ δcb′⟨ab||a′c′⟩−

− δcc′⟨ab||a′b′⟩

(8)

These and further tedious calculations were done using the second quantisation module from the

SymPy [27] software library. Finally, the expansion coefficients Cabc
nml and energies of each eigen-

state Enml are obtained by diagonalizing this anti-symmetric matrix

ĤED|ψnml⟩ = Enml|ψnml⟩ (9)

This is easily done using the eigh function, which is part of the linear algebra module of the SciPy

[26] software library. While the only limiting factor, in terms of precision, is the truncation of the

basis up to state nmax, it can be easily seen that the problem with this method is the exponentially

increasing size of the Hilbert space for larger systems. For example, a system of 12 electrons with a

basis size of 20 would already require 20!
(20−12)!

≈ 60TB of RAM to just store the matrix.

To analyze the probability distribution of a state, it is convenient to also calculate the one-particle

transition density matrix

(ρ̂nml→n′m′l′)pq ∝
nmax∑︂
abc

nmax∑︂
a′b′c′

Cabc
nmlC

a′b′c′

n′m′l′⟨0|âaâbâcâ†pâqâ
†
c′ â

†
b′ â

†
a′ |0⟩ =

nmax∑︂
abc

nmax∑︂
a′b′c′

Cabc
nmlC

a′b′c′

n′m′l′×

× (δpaδqa′δbb′δcc′ − δpaδqa′δbc′δcb′ − δpaδqb′δba′δcc′ + δpaδqb′δbc′δca′ + δpaδqc′δba′δcb′−

− δpaδqc′δbb′δca′ − δpbδqa′δab′δcc′ + δpbδqa′δac′δcb′ + δpbδqb′δaa′δcc′ − δpbδqb′δac′δca′−

− δpbδqc′δaa′δcb′ + δpbδqc′δab′δca′ + δpcδqa′δab′δbc′ − δpcδqa′δac′δbb′ − δpcδqb′δaa′δbc′+

+ δpcδqb′δac′δba′ + δpcδqc′δaa′δbb′ − δpcδqc′δab′δba′)

(10)

Consequently, the probability distribution for a state with quantisation numbers nml is obtained

via the single particle basis functions

ρnml(x) ∝
∑︂
ij

(ρ̂nml→nml)ij⟨ψi|x⟩⟨ψj|x⟩ (11)

9



An interesting quantity, that describes how the system interacts with EM radiation, is the absorp-

tion spectrum, which can be obtained via scattering theory [28]

I(E) ∝ ℑ

(︄∑︂
abc

|⟨ψ123|d̂|ψabc⟩|2

E − (Eabc − E123) + iη

)︄
= ℑ

(︄∑︂
abc

| Tr(ρ̂123→abcd̂)|2

E − (Eabc − E123) + iη

)︄
(12)

Here η ≪ 1 is arbitrary, accounting for the finite lifetime of a state, and d̂ ∝ x̂ is the dipole opera-

tor

d̂pq = ⟨p|x̂|q⟩ ∝
∫︂ π

0

sin(px)x sin(qx)dx = 2pq
(−1)p+q − 1

(p2 − q2)2
(13)

2.2.2 Coupled Cluster

Coupled cluster [29] expands the ground state solution |Ψ⟩ on the basis set via an exponential exci-

tation operator T̂

|Ψ⟩ = eT̂ |Ψ0⟩ (14)

Here |Ψ0⟩ is the non-interacting solution, expressed in terms of the single particle basis described

previously, but can also be a previous Hartree-Fock or other simulation, with the respective opera-

tor algebra, to speed up convergence. This exponential approach enables size-extensivity and thus

T̂ can be truncated to only include singles (CCS), singles and doubles (CCSD) and further on, allow-

ing to choose between precision and performance

T̂ =
nmax∑︂
a,a′

ta→a′ â
†
a′ âa +

1

4

nmax∑︂
ab,a′b′

tab→a′b′ â
†
a′ â

†
b′ âbâa + . . . (15)

It should be clear that the only contributions will be where {abc . . . } corresponds to occupied

states and {a′b′c′ . . . } to the remaining, or so called virtual, states. In practice CCSD(T) is usually

enough for most high precision simulations, but in this chapter CCSD will be used for a qualitative

picture. The amplitudes {tabc...→a′b′c′...} are found by imposing

⟨ψ0|â†a′ âae
−T̂ ĤeT̂ |ψ0⟩ = 0

⟨ψ0|â†a′ â
†
b′ âaâbe

−T̂ ĤeT̂ |ψ0⟩ = 0

. . .

(16)
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The resulting equations were derived by using the pdaggerq [30] software library, which also trans-

forms them into Python functions utilizing the efficient einsum function from the NumPy [31] soft-

ware library. The foundation of pdaggerq uses properties of the fermion operators and the Baker–Camp-

bell–Hausdorff formula to evaluate these types of expressions

e−ÂB̂eÂ = B̂ + [Â, B̂] +
1

2!
[Â, [Â, B̂]] +

1

3!
[Â, [Â, [Â, B̂]]] + . . . (17)

The numerical solution can be calculated by using the root function, part of the SciPy software li-

brary. Specifically, it has been shown [32] that Krylov solvers are particularly suitable for these large

equation sets, since they don’t require evaluation and storage of the entire Jacobian. A helpful tac-

tic is to build-up from a known solution, for example, at L = 0 the potential vanishes and thus all

of the amplitudes are zero. Slowly increasing the separation and using extrapolated values from

previous simulations as an initial guess can accelerate convergence.

While the ground state energy can be calculated from E = ⟨ψ0|e−T̂ ĤeT̂ |ψ0⟩ and its properties

from a slight modification, the more general equation of motion (EOM) framework [33] enables

evaluation of energies and properties of every state. This involves adding a non-Hermitian excita-

tion operator (like in Eq. 15) to the ground state wavefunction

|ψ{mi}⟩ = R̂{mi}e
T̂ |ψ0⟩

⟨ψ{mi}| = ⟨ψ0|e−T̂ L̂{mi}
(18)

After some simple manipulation, this can be rewritten as an eigenvalue problem

HR̂{mi}|ψ0⟩ = E{mi}R̂{mi}|ψ0⟩

⟨ψ0|L̂{mi}H = ⟨ψ0|L̂{mi}E{mi}
(19)

HereH = e−T̂ ĤeT̂ is the similarity transformed Hamiltonian and, unlike the full Hamiltonian in

Eq. 5, contains numerous many-body terms, thus requiring the same truncation technique as for

the excitation operators previously. The similarity transformed Hamiltonian can be obtained as

before, by using the pdaggerq library, after separating it into blocks of different order many-body

operators. The left and right eigenvectors, eigenvalues can be calculated using the eig function of

the SciPy software library.

In addition to the state energies E{mi}, the eigenvectors of L̂{mi} and R̂{mi} can be used to derive

the one-particle density matrix. Furthermore, its non-Hermitian nature results in a slight change to

the intensity of the absorption spectrum, described by Eq. 12

|⟨ψ{m0}|d̂|ψ{mi}⟩|2 → | Tr(ρ̂{m0}→{mi}d̂) Tr(ρ̂{mi}→{m0}d̂)| (20)

11



A more complete description of this type - the extended coupled cluster formalism - will be intro-

duced in the next section.

2.2.3 Hartree-Fock

The Hartree-Fock method [34] approximates aN particle ground state wavefunction as a product

of anti-symmetrized single-particle wavefunctions, also known as a Slater determinant, which in

turn are formed as a linear superposition of the basis

⟨ψ{m0}|x1, x2, . . . , xN⟩ ≈ A
N∏︂
i=1

⟨Ψi|xi⟩ = Aα

N∏︂
i=1

[︄
nmax∑︂
j=1

Cij⟨ψi|xi⟩

]︄
α

(21)

Sequentially, Hartree-Fock is known to neglect correlation effects, but is still relatively precise for a

large variety of systems. A very similar procedure to the equation of motion framework, called the

random-phase approximation, is used to describe excited states, but will not be detailed here.

Simple use of Lagrangian multipliers to minimize the energy, meanwhile preserving normalisation,

yields a self-consistent eigenvalue equation

F̂Ci = ϵiCi (22)

Given an initial guess, this equation is solved iteratively with the new coefficients used to update

the Fock matrix containing the one-particle and two-particle terms, discussed previously

F̂ pq = δpqp
2 +

1

2

nmax∑︂
rs

ρ̂rs⟨pr||qs⟩ (23)

Here ρ̂ is the one-particle density matrix

ρ̂pq =
N∑︂

n=1

CnpCnq (24)

As before in Eq. 11, this quantity can be used to look at the probability distribution of the system.

The ground state energy is calculated after each iteration and the simulation is stopped once the

relative difference between sequential runs reaches the desired magnitude

E =
∑︂
p

ρ̂ppp
2 +

1

2

∑︂
pqrs

ρ̂prρ̂qs⟨pq||rs⟩ (25)

12



As mentioned earlier, to ease convergence it is possible to start from a known solution and slowly

build up to the required one, whilst extrapolating from previous simulations to form sequential

initial guesses.

2.3 Numerical Simulations

2.3.1 The case of 3 Electrons

Fig. 1. The convergence of a Hartree-Fock simu-
lation for 3 boxed electrons with respect to the
box length and iteration number. The colored
quantity is the order of magnitude of the relative
difference between sequential simulations.

Simulations for three boxed electrons were run

for each of the methods mentioned above. It

is initially useful to look at the convergence of

the Hartree-Fock simulation, displayed in Fig. 1

for different box length L values. The colored

quantity is the order of magnitude of relative

differences between sequential measurements.

Note that 10−16 is the precision limit in Python

for 64 bit floating point numbers. As expected,

larger box lengths require more iterations for

convergence, because of the increased role of

electrostatic interactions. It can be also con-

cluded that around 10 iterations is already

enough to produce reasonable accuracy.

Fig. 2. The convergence of coupled cluster, exact diagonalization and Hartree-Fock electrostatic
energies per box length for three boxed electrons. Length and energy scales are expressed in terms
of Bohr radii a0 and ground state energies of a single trapped electron, respectively.

Further, the convergence of the ground state electrostatic energy per box length is displayed in Fig.

2. It is immediately visible that for a qualitative picture a sin function basis size of 6 is more than

satisfactory. The graphs reveal that Hartree-Fock produces a slight overestimate as well, which is

caused by the neglect of correlation effects.

13



Fig. 3. Relative ground state energy deviations, when comparing Hartree-Fock and coupled cluster
simulations with exact diagonalization as the reference. The order of magnitude of this quantity
with respect to box length and basis size is shown.

A more quantitative analysis of Hartree-Fock and coupled cluster deviations from exact diagonaliza-

tion is displayed in Fig. 3. The colored quantities are the orders of magnitude of relative differences

with respect to box length and basis size. Whilst coupled cluster initially closely follows exact diag-

onalization, it converges to an error of magnitude approximately 10−4. It is most probable that, as

the correlation effects increase, the neglect of higher orders of coupled cluster excitations becomes

more pronounced. At the same time Hartree-Fock consistently produces an error of a few percent,

because of the neglect of all correlation.

Fig. 4. The ground state probability densities of coupled cluster, exact diagonalization and Hartree-
Fock simulations for three boxed electrons. The x coordinate is expressed in terms of the box
length L, which in turn is expressed in terms of Bohr radii.

Moving on now to consider other ground state observables, the probability density for all three

simulations is displayed in Fig. 4. The x coordinate is expressed in terms of the box length L. Ne-

glect of correlation effects again stands out, as a small difference for Hartree-Fock is visible at at

the first few L. Nevertheless, the accuracy of the ground state energy curves translates well into

ground state observables.
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Fig. 5. The EM absorption spectrum of a three boxed particle system from exact diagonalization
and coupled cluster simulations. The colored quantity represents the order of magnitude of the
absorption spectrum intensity, with respect to the box length and energy of the inbound photon.

Fig. 6. The probability density of the first excited
state of the three boxed electron system from
exact diagonalization and coupled cluster simu-
lations. The x coordinate is expressed in terms
of the box length L, which in turn is expressed in
terms of Bohr radii.

Because the expectation of the particle num-

ber is conserved in coupled cluster and is thus

known, it is proposed that this property of the

density matrix can serve as a rough estimate of

the accuracy of a coupled cluster solution

lim
nmax→∞

Tr(ρ{mi}→{mi}) = N (26)

Finally, the application of coupled cluster and

exact diagonalization is compared for excited

states. In Fig. 5 the resulting order of mag-

nitude of the absorption spectrum intensity

from Eq. 12 is displayed as a function of the

box length and energy of the inbound photon

with η ∼ 10−3 decay width energy. As ex-

pected, higher-energy excitations deviate more

from the exact diagonalization reference. Nev-

ertheless, the qualitative agreement is quite good, even for excited states. Furthermore, looking

at the probability density of the first excited state, displayed in Fig. 6, confirms this. Finally, it was

observed that the particle number deviated at an average of 3% over all states, thus giving at least

some confidence in the observations for coupled cluster in this subsection.

2.3.2 The case of 15 Electrons

In this subsection brief results are presented for Hartree-Fock and coupled cluster simulations in

the case of 15 particles. It was found that a basis size of 24 is enough for a qualitative picture, de-
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fined the same as in the previous section.

In the case of Hartree-Fock, 10 iterations produced a more than satisfactory final relative difference

of less than 10−6. For coupled cluster, the particle number deviated no more than 3% as with the

3 particle case. In Fig. 7 the relative difference of the ground state energy between both simula-

tions is displayed. A divergent growth can be observed, reaching an order of 1% for a dilute gas.

One-particle density matrices are not displayed here due to the amount of particles, but exhibit

the same dynamics as for the 3 particle case. Finally, the absorption spectrum for this system is

displayed in Fig. 8.

Fig. 7. Relative energy difference of the
ground state energy between Hartree-Fock
and coupled cluster simulations for the case
of 15 particles.

Fig. 8. The absorption spectrum as simu-
lated from a coupled cluster calculation for
the case of 15 particles.

As expected, the absorption spectrum is now much more complex, because of the larger amount

of particles. While, as mentioned before, the particle number conservation property deviated no

more than 3% for the states visible in this spectra, higher excitations produced very large relative

deviations of around∼ 101 and thus were unreliable. It is expected that this is because of the ap-

plied truncation for EOM, only including singles and doubles, with similar behaviour seen in the

previous subsection with ground state properties.
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3 Study of Correlation Effects in Single Layer Graphene

In this section the extended coupled cluster equations are derived using the particle-hole formal-

ism at doubles truncation. This method is then applied to examine the electrostatic and correlation

effects present in single layer graphene. A nearest neighbour hopping model is used with an ad-

dition of a electrostatic potential, calculated via Ewald summation to account for the periodicity.

Energies, band structures and chemical potentials are reported for integer fillings of opposite sign.

Automatic differentiation is introduced as a way to run simulations in this framework.

3.1 Application of Ewald Summation to the Periodic Lattice

A single graphene sheet is formed of infinite periodic, rhombic unit cells, displayed in Fig. 9. There-

fore Ewald summation [35] is used to rapidly calculate the electrostatic potential from a point

charge and its copies, distance r away. In contrast, a direct calculation in real space would be slowly

convergent. In two dimensions, this potential is defined [36] for a neutral system by a rapidly con-

verging short range and long range term

V (r) ∝
∑︂
x

1− δr,0
|r− x|

erfc

(︃
|r− x|
2η

)︃
− δr,0√

πη
− 2π

|a1 × a2|

[︃
rzerfc

(︃
rz
2η

)︃
+

2η√
π
e
− r2z

4η2

]︃
+

+
π

|a1 × a2|
∑︂
k ̸=0

cos(kxrx + kyry)

|k|

[︃
e|k||rz |erfc

(︃
|k|η + |rz|

2η

)︃
+ e−|k||rz |erfc

(︃
|k|η − |rz|

2η

)︃]︃ (27)

Fig. 9. Geometric structure of
a single graphene sheet. The
rhombic unit cell is outlined.

Here the lattice unit vectors a1 =
a
2
(3,

√
3) and a2 =

a
2
(3,−

√
3)

and the reciprocal lattice vectors g1 = 2π
3
(1,

√
3) and g2 =

2π
3a
(1,−

√
3a) are used for particle sampling in the sums via

x = n1a1 + n2a2 n1, n2 ∈ [−N,N ]

k = m1g1 +m2g2 m1,m2 ∈ [−N,N ]
(28)

To simplify the algebra, length and energy scales in further sec-

tions are expressed in terms of the lattice constant a and the

hopping constant t respectively. These and other parameters

for graphene were taken from a first-principles calculation [37]

leading to a proportionality constant of 0.87t in the potential

relation above and a Hubbard term of U = 3.3t.

For single layer graphene there is no three dimensional dependence and thus rz can be set to zero.
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While the parameter η is arbitrary, it is to be chosen so that convergence is achieved with a min-

imal value ofN . The suggested estimate η ≈ 0.1|a1 × a2|
1
2 = 0.3a was used for single layer

graphene calculations and, as an example, the four cases of interest are computed here.

The first concerns a charge neutral unit cell - one positive and one negative charge of distance

r = (±a, 0) apart. This potential is easily computed from the above formula, combining contribu-

tions from the images of the charge itself V (0) and of the other one and its images V (r), producing

V±,∓(r) = −1.34t. This result converged withN = 1 and any substantial changes in η produced

the same value, but required larger values ofN .

The second case concerns the same system, but now with two charges of the same sign. Since the

above formula is only valid for a charged system, the Widom insertion method [38] is applied here

to calculate this value. In the first approximation, another positive point charge of double magni-

tude is inserted on top of the negative one in the system discussed above. The resulting expression

is obtained as V±,±(r) = −V±,∓(r) = 1.34t. In the second approximation, this is done together

with a uniformly charged background to make the system neutral. The effects of this background

are then removed to produced the final value. While this may be significant for other systems with

weaker electrostatic interactions, it was found that this correction produced a negative shift of

around 1%. Finally, it can be easily deduced that V±,∓(0) = 0 and using the same method produces

V±,±(0) = 4.2t.

3.2 Description via Extended Coupled Cluster

It has been shown [39] that the non-interacting electron gas in a sheet of graphene is well mod-

elled via a nearest neighbor hopping interaction, denoted by ⟨r1, r2⟩ within the negative and pos-

itive energy bands n = {±}. The electrostatic interaction can easily be added to this description

and results in the following Hamiltonian in coordinate space

Ĥ =
∑︂

⟨r1,r2⟩,n

ϵr1,r2,n d̂
†
r1,n
d̂r2,n +

1

2

∑︂
⟨r1,r2⟩,n1,n2

Vn1,n2(r2 − r1) n̂r1,n1n̂r2,n2 (29)

In the following expressions, explicit summation will be removed by using the Einstein summa-

tion convention. This expression is then transformed into momentum space to expose the non-

interacting bands and Fourier transformed, anti-symmetric elements of the electrostatic potential

Ĥ =
∆kn̂k,+ −∆kn̂k,−

N0

+

+
δn1,n4δn2,n3δk1+k2,k3+k4

2N3
0

[Vn1,n3(k2 − k3)− Vn1,n3(k1 − k3)] d̂
†
k1,n1

d̂k4,n4 d̂
†
k2,n2

d̂k3,n3

(30)

Here the real potential in momentum space is expressed as
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Vn1,n2(k) =
∑︂
r1,r2

Vn1,n2(r2 − r1) cos(k · (r2 − r1)) (31)

Because the Fourier transform is done over the first Brillouin zone, such is the summation in the

equation above. This results in the fact that for single layer graphene, only the four values, calcu-

lated in the previous subsection, of the potential are required for single layer graphene. The Hub-

bard term is included in V±,±(0) as well.

The momentum values are sampled with a Monkhorst-Pack grid [40] for hexagonal lattices [41]

k =
n1

Nk

b1 +
n2

Nk

b2 n1 < n2 ∈ [0, Nk) (32)

In further calculationsN0 represents the resulting total amount of momentum sampling points.

Due to the quadruple symmetry, present in this grid for single layer graphene, the 1st Brillouin zone

can be split into four identical parts and thus the computational cost can be reduced by sampling

only one of these regions. Simple geometric analysis reveals that this can be accomplished by using

b1 =
g1+g2

2
, b2 =

g1−g2
2

.

Moving on, the operator indexation is generalized a bit and compressed to simplify the upcoming

tedious calculations

Ĥ = ϵk,nn̂k,n +
1

2
Vk1,n1,k2,n2,k3,n3,k4,n4 d̂

†
k1,n1

d̂k4,n4 d̂
†
k2,n2

d̂k3,n3 = ϵij d̂
†
i d̂j +

1

2
Vijkld̂

†
i d̂ld̂

†
j d̂k (33)

Because of the phase transitions present in the system explored in the next section, along with

strong correlations, extended coupled cluster [6], of which normal coupled cluster is a subset, will

be used instead. The standard occupied-virtual particle formalism, used in the previous section,

leads to very complex algebra and thus a particle-hole formalism is utilized instead, in which the ex-

citation operators are made from only creation operators. The reference vacuum is also shifted to

the half-filled ground state, where the negative energy band is filled and the positive one is empty.

This is controlled by the number operator and it is important to note that mathematically the vac-

uum is empty. The extended coupled cluster singles and doubles (ECCSD) excitation operators are

then defined as

T̂ = tk1n1,k2n2 d̂
†
k1n1

d̂
†
k2n2

+ tk1n1,k2n2,k3n3,k4n4 d̂
†
k1n1

d̂
†
k2n2

d̂
†
k3n3

d̂
†
k4n4

=
1

2!
tij d̂

†
i d̂

†
j +

1

4!
tijkld̂

†
i d̂

†
j d̂

†
kd̂

†
l (34)

Additionally, the main object of interest has now become more complicated with e−T̂ ĤeT̂ →
eT

′̂
e−T̂ ĤeT̂ . Here the excitation operator T̂

′
is the same as T̂ , but with its own coefficients and
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annihilation operators instead of creation ones. To symbolically evaluate and simplify these tedious

expressions, custom Mathematica [42] software was written up and utilized, as other packages

failed to produce the correct expressions and simplification for this formalism. Initially, it is impor-

tant to evaluate

e−T̂ ĤeT̂ = ϵij d̂
†
i d̂j +

1

2
Vijkld̂

†
i d̂ld̂

†
j d̂k +

1

2
(Vikkltjl − Vijkltkl − 2ϵiktjk)d̂

†
i d̂

†
j +

+ Vijlmtkmd̂
†
i d̂

†
j d̂

†
kd̂l −

1

12
(Vimmntnjkl + 3Vijmntmnkl)d̂

†
i d̂

†
j d̂

†
kd̂

†
l +

1

2
Vijmntkmtlnd̂

†
i d̂

†
j d̂

†
kd̂

†
l +

+
1

6
ϵimtmjkld̂

†
i d̂

†
j d̂

†
kd̂

†
l −

1

6
Vijnotoklmd̂

†
i d̂

†
j d̂

†
kd̂

†
l d̂

†
md̂n +

1

6
Vijoptoktplmnd̂

†
i d̂

†
j d̂

†
kd̂

†
l d̂

†
md̂

†
n +

+
1

72
Vijrstrklmtsnopd̂

†
i d̂

†
j d̂

†
kd̂

†
l d̂

†
md̂

†
nd̂

†
od̂

†
p

(35)

Further, the object eT̂
′
must be evaluated with the previous equation in mind, because, in its stan-

dalone form, it is an infinite series of operators. Therefore, only terms with a maximum of 8 annihi-

lation operators should be kept

eT̂
′
= 1 +

1

2
t′ij d̂id̂j +

1

24

(︁
t′ijkl + 3t′ijt

′
kl

)︁
d̂id̂j d̂kd̂l +

1

48

(︁
t′ijt

′
klmn + t′ijt

′
klt

′
mn

)︁
d̂id̂j d̂kd̂ld̂md̂n +

+
1

1152

(︁
t′ijklt

′
mnop + 3t′ijt

′
klt

′
mnt

′
op + 6t′ijt

′
klt

′
mnop

)︁
d̂id̂j d̂kd̂ld̂md̂nd̂od̂p

(36)

Further, all of these expressions are combined and simplified to obtain the ECCSD energy equation.

This was done with some help of the second quantisation module in the Sympy software library as

well as a custom parser that converts these tensor operations in terms of einsum functions from

the NumPy software library. Thus the following energy equation is obtained
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E = ⟨−|eT ′̂
e−T̂ ĤeT̂ |−⟩ = ϵiktjkt

′
ij +

1

2
Vijklt

′
ijtkl −

1

2
Vikklt

′
ijtjl +

+
1

2
Vijmntkmtln(t

′
ijt

′
kl − 2t′ikt

′
jl + t′ijkl) +

1

12
Vimmntjkln(t

′
ijkl − 3t′ikt

′
jl) +

+
1

4
Vijmntklmn(2t

′
ikt

′
jl − t′ijt

′
kl − t′ijkl)−

1

6
ϵimtjklm(t

′
ijkl − 3t′ikt

′
jl) +

+
1

6
Vijoptkotlmnp(2t

′
ikt

′
jlmn + 6t′imt

′
jkln + 3t′kmt

′
ijln − 3t′mnt

′
ijkl − t′ijt

′
klmn +

+ 3t′ijt
′
kmt

′
ln + 6t′ikt

′
jlt

′
mn + 6t′ilt

′
jmt

′
kn) +

1

72
Vijrstklmrtnops(6t

′
ijklt

′
mnop + 9t′ijknt

′
lmop −

− 18t′imopt
′
jkln − 2t′iklmt

′
jnop + 6t′ijt

′
klt

′
nops + 9t′ijt

′
knt

′
lmop + 12t′ikt

′
jmt

′
lnop +

+18t′ikt
′
jot

′
lmnp + 72t′ikt

′
lnt

′
jmop + 36t′ikt

′
npt

′
jlmo + 12t′ilt

′
kmt

′
knop − 18t′mot

′
npt

′
ijkl −

− 18t′lpt
′
mnt

′
ijko − 9t′lmt

′
npt

′
ijko + 9t′ijt

′
klt

′
mnt

′
op + 6t′ijt

′
knt

′
lpt

′
mo + 36t′ikt

′
jlt

′
mot

′
np +

+ 36t′ikt
′
jnt

′
lot

′
mp + 18t′ikt

′
jot

′
lmt

′
np)

(37)

Note that this expression gives the energy difference from the half-filling state. Further, this equa-

tion can be reduced by contracting some summations over doubles and singles to just singles. For

example, a term containing tklmrt
′
kl can be absorbed to singles and thus removed, if {k, l} don’t

appear anywhere else in it. Consequently, the final expression for the ECCSD energy is obtained as

E = ⟨−|eT ′̂
e−T̂ ĤeT̂ |−⟩ = ϵiktjkt

′
ij +

1

2
Vijklt

′
ijtkl −

1

2
Vikklt

′
ijtjl +

+
1

2
Vijmntkmtln(t

′
ijt

′
kl − 2t′ikt

′
jl + t′ijkl) +

1

12
Vimmntjklnt

′
ijkl +

1

4
Vijmntklmn(2t

′
ikt

′
jl − t′ijkl) −

− 1

6
ϵimtjklmt

′
ijkl +

1

6
Vijoptkotlmnp(2t

′
ikt

′
jlmn + 6t′imt

′
jkln + 3t′kmt

′
ijln − t′ijt

′
klmn + 6t′ilt

′
jmt

′
kn) +

+
1

72
Vijrstklmrtnops(6t

′
ijklt

′
mnop + 9t′ijknt

′
lmop − 18t′imopt

′
jkln − 2t′iklmt

′
jnop + 9t′ijt

′
knt

′
lmop +

+ 12t′ikt
′
jmt

′
lnop + 18t′ikt

′
jot

′
lmnp + 72t′ikt

′
lnt

′
jmop − 18t′lpt

′
mnt

′
ijko + 6t′ijt

′
knt

′
lpt

′
mo +

+ 36t′ikt
′
jnt

′
lot

′
mp)

(38)

These tensor operations are then converted into einsum functions. The problem is solved for by

minimizing the energy with respect to the amplitudes

∂E

∂tij
=

∂E

∂tijkl
=
∂E

∂t′ij
=

∂E

∂t′ijkl
= 0 (39)

The total particle number must be then constrained at the same time

⟨N̂⟩ = λi⟨−|eT ′̂
e−T̂ d̂

†
i d̂ie

T̂ |−⟩ = λi(−tijt′ij +
1

6
tijklt

′
ijkl) (40)
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Here the vector λi represents the fact that in the particle-hole formalism, the number operator is a

bit different

N̂ =
∑︂
k

d̂
†
k,+d̂k,+ −

∑︂
k

d̂
†
k,−d̂k,− = λid̂

†
i d̂i (41)

Just as before, the number operator expression can be converted to einsum operations

result -= einsum('i,ij,ij', L, T1, X1)
result += einsum('i,ijkl,ijkl', L, T2, X2) / 6.0

Thus a unconstrained minimization problem of the grand canonical Hamiltonian [28] can be formu-

lated, to be numerically solved in the next subsection

δ⟨−|Ĥ

Chemical potential⏟ ⏞⏞ ⏟
−γ(N̂ −N) |−⟩ = 0 (42)

Here γ is an arbitrary simulation parameter and µ = −γ(⟨N̂⟩ − N) is the chemical potential, also

known as the Fermi level, and describes the energy up to which the system is filled with electrons.

The fillingN is varied in terms of a fraction of the total amount of sampled pointsN0.

An interesting note is that extended coupled cluster singles are identical to the Hartree-Fock method

and thus correlation effects can be studied with minimal extra effort. This is also one of the bene-

fits for using ECCSD rather than normal coupled cluster, since coupled cluster singles take into ac-

count less transitions in comparison with Hartree-Fock. From the number operator expectation

value expression above it can be also seen that coupled cluster restricts the system to a null par-

ticle number in the particle-hole formalism and thus doesn’t allow symmetry-breaking, which is

required to study phase transitions. While it is possible to implement coupled cluster on top of

Hartree-Fock [12], this only provides a quantitative analysis.

Finally, to describe addition or removal of a particle with momentum k, instead of deriving the

EOM framework for ECCSD, an approximate eigenvalue approach can be formed, similar to EOM

singles, of momentum conserving states

Ok,n1,n2

N0

= ⟨−|d̂k,n1e
T ′̂
e−T̂ ĤeT̂ d̂

†
k,n2

|−⟩ (43)

Thus another expression is required

⟨−|d̂aeT
′̂
e−T̂ ĤeT̂ d̂

†
b|−⟩ = ϵab + δab(E + Vaibi)− 2Vaibmtkmt

′
ik − Vijbmtamt

′
ij +

+
1

2
Vijbotaklo(2t

′
ilt

′
jk + t′ijkl) +

1

3
Vaibotklmot

′
iklm

(44)
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In comparison with EOM, it is assumed that the amplitudes don’t change with the addition of an-

other particle, which is a reasonable approximation, since one particle is added, as will be seen in

the next sections, to a few hundred.

3.3 Numerical Simulations with PyTorch

As previously mentioned, the problem above is solved via unconstrained minimization. Usually a

root solver, as was seen in the previous section, Monte Carlo sampling [43], [44] or even quantum

computing [45] can be utilized to numerically solve for the amplitudes. The PyTorch package [46]

is used for machine learning purposes, a significant part of it being numeric manipulation of large

scale tensors and minimization. One of the functionalities present in it is automatic differentiation

[14], which uses computational graphs to symbolically evaluate derivatives at runtime. Thus it is

used here in tandem with one of the built-in optimization routines to perform ECCSD simulations

with minimal extra effort.

To gain more stability in the numerics, the optimization condition is changed to have a more pro-

nounced minima and avoid falls to infinity

⟨−|Ĥ − γ(N̂ −N)|−⟩ → ⟨Ĥ⟩+ γ(⟨N̂⟩ −N)2 (45)

On the numerical side of things, it is interesting to note that the order of which tensors are sup-

plied, as well as a few other optional arguments, can greatly reduce the computation time of an

einsum function. Thus all of them were funneled through the opt-einsum package [47] for auto-

matic optimization. This package uses several path finding algorithms to optimize the contraction

order for expression’s supplied to the einsum function.

Fig. 10. An example dynamic of the ECCSD simu-
lation convergence. This behaviour was observed
for the particle number and ground state energy.

The stochastic gradient descent method, avail-

able in PyTorch, was used for these simulations

with step sizes of 10−2 ∼ 10−4. While not

explored here, it might be possible to gain ac-

celeration by implementing a line search algo-

rithm [48] for dynamic and more appropriate

step size estimates. The initial anti-symmetric

tensors were filled with a small constant of

10−1 for singles and 10−4 for doubles, corre-

sponding to the mean values of these tensors

from trial simulations. This resulted in simu-

lations requiring∼ 101 steps. In the case of

single layer graphene, a value of unity for γ was satisfactory to reach the optimal characteristics

above and it was verified that the chemical potential µ was invariant with respect to changes in γ.
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When supplying ECCSD equations with amplitudes, it is important to retain the anti-symmetry. This

was done by converting the amplitude tensors at the beginning of each step via

TA
i1,...,ip

=
1

p!

∑︂
α

sgn(α)Tiα(1),...iα(p)
. (46)

Here α denotes all permutations of indices ip and the respective sign change is encompassed in

sgn(α) for every paired swapped. In the case of a matrix this would produce TA
ij =

Tij−Tji

2
.

The convergence of an observable, such as the energy or particle number, is characterised by an

initial bump, followed by a constant logarithmic convergence, during which the relative difference

of reaches the threshold of 10−6 between steps and is terminated. An example of this dynamic is

shown in Fig. 10. Note that the precision of the 32 bit floating point numbers, used in these simula-

tions, is around 7 digits.

Moving on to single layer graphene, ECCS energy convergence with respect to the point sampling

characteristicNk is shown in Fig. 11 for fillingsN = ±1.0N0. This is done separately for the inter-

acting and non-interacting cases.

Fig. 11. ECCS energy convergence with respect to the point sampling characteristicNk for fillings
N = ±1.0N0. Interacting and non-interacting cases are shown separately.

In order to extract higher precision values, extrapolation was performed using curves of the form

y = A + B
CD+x and gave relative errors of approximately 2 · 10−3 for asymptotic values. If a qualita-

tive picture is defined at 10% deviation from the asymptotic value, non-interacting ECCS can be said

to give this atNk = 4 and interacting ECCS atNk = 12. This corresponds to 24 and 264 sampling

points per band across the first Brillouin zone, respectively.

The positive filling is seen to have much faster convergence, in comparison with the negative one.

This is easily understood from the fact that aN = +1.0N0 filling is closer to an empty system than

N = −1.0N0. Both of the fillings are calculated to have the same potential shift of |∆E| = 0.024t
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from the non-interacting ECCS energy E = 1.597t, but with an opposite sign. This contribution

is calculated to account for 1.5% of the total energy and translates into the band gap as well, dis-

played in Fig. 12.

Fig. 12. ECCS band gap in the symmetric quarter of the first Brillouin zone. The magnitude of the
potential shift forN = ±1.0N0 fillings is shown separately. A total of 66 points per band were
sampled across the first Brillouin zone.

Addition of the electrostatic potential causes the bands to have a shift of around 1% on average,

more pronounced at the Γ symmetry points, where the electrostatic potential is most significant.

The bands at the Dirac point overlap at a positive filling and move away from each other in the case

of a negative one, with the existence of this effect having been shown [49] experimentally. The

chemical potential atN = ±1.0N0 fillings was calculated to be µ− = −0.0108t and µ+ = 0.0122t,

signifying the breaking of particle-hole symmetry. This leads to a Dirac band gap and chemical po-

tential ratio of approximately 2.

Further, the convergence of the ECCSD energy is displayed in Fig. 13 for fillingN = +1.0N0. As

discussed above, the of caseN = −1.0N0 produces anti-symmetric results. A qualitative picture is

estimated to be given atNk = 19 and an order of magnitude one atNk = 10, which respectively

corresponds to 684 and 180 sampling points per band across the first Brillouin zone, of which a

third is actually sampled in these simulations.
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Fig. 13. ECCSD energy convergence with
respect to point sampling characteristicNk

for fillingN = +1.0N0.

Fig. 14. Correlation shift of the ECCSD band
gap in the symmetric quarter of the first
Brillouin zone. This is in the case of filling
N = +1.0N0.

Combining ECCS values, the correlation energy shift is calculated to be∆E = 0.006t, which ac-

counts for approximately 20% of the potential energy. It can be observed to carry over to the band

gap correlation shift, displayed in Fig. 14. The band gap correlation effects are an order of magni-

tude smaller than of the ground state energy, most likely caused by the fact that an individual par-

ticle is described, in comparison to a entire collection of particles. Hence this ratio is of the same

order of magnitude as the number of particles. Correlations are seen to be most significant where

the potential is the largest - the Γ symmetry point, which is a trivial conclusion. Nevertheless, it is

interesting that the Dirac point contains some correlation effects as well, about twice as small. The

chemical potential is calculated to be µ+ = 0.0186t, which, in comparison to its ECCS value, corre-

sponds to an increase of approximately 30% signifying an increased filling of the conduction band

due to correlation effects.

26



4 Study of Correlation Effects in Twisted Bilayer Graphene

The previously developed ECCSD method is applied to twisted bilayer graphene. A low energy, con-

tinuum model is used for describing this system at small twist angles. Energies, chemical poten-

tials and band structures at the magic angle are reported for a filling that is known to manifest the

insulating-to-superconducting phase transition.

4.1 The Bistritzer-MacDonald Model

Fig. 15. The resulting Brillouin zone of
twisted bilayer graphene at the first
magic angle, caused by a small an-
gle rotation of two graphene layers.
Reprinted from Cea et al. [19].

Twisted bilayer graphene (TBG) is created by twisting two

graphene sheets with respect to each other. This creates

a supercell with∼ 104 atoms for the first magic angle at

θ ≈ 1.1◦, where unconventional superconducting [18]

and insulating [17] phases have been observed. In recip-

rocal space, this represents a very small Brillouin zone,

as can be seen in Fig. 15. The corresponding reciprocal

lattice vectors are then defined as g1 =
4π
a
sin
(︁
θ
2

)︁
( 1√

3
, 1)

and g2 =
8π
a
sin
(︁
θ
2

)︁
(− 1√

3
, 0).

One of the most widely used ways to model this material

is the Bistritzer-MacDonald (BM) model [16]. It is a low

energy continuum description of TBG, characterizing two

isolated graphene sheets and a hopping process to the three equidistant Dirac points between the

layers. Being suitable for the first magic angle, it is defined by a block Hamiltonian

Ĥ =

(︄
H1 U

U † H2

)︄
ij

d̂
†
i d̂j (47)

HereH1 andH2 represent the top and bottom layers, which are centered around their individual

Dirac points, displayed in Fig. 15. For the first layer the momenta are sampled across the first Bril-

louin zone, as well as its copies in the first star of reciprocal lattice vectors {±g1,±g2,±g1 ± g2},
which give the largest contribution [50]. Interactions with the second layer are described by U via

the three closest harmonics. These couple the sites from the first layer to their neighboring ones

in the second layer at {0,−g1,−g1 − g2}, which are known to contribute the most [51]. The three

harmonics are defined by
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U(0) =

(︄
a1 a2

a2 a1

)︄

U(−g1) =

(︄
a1 a2e

−2iπ/3

a2e
2iπ/3 a1

)︄

U(−g1 − g2) =

(︄
a1 a2e

2iπ/3

a2e
−2iπ/3 a1

)︄ (48)

In the BM model an isolated sheet of graphene is described by a Dirac-Hamiltonian expanded around

the Dirac point K(φ) = 4π
3a
(0, sin(φ)). Due to the particle-hole formalism, used in ECCSD, it has to

be diagonalized, as in the previous section, to expose the negative and positive energy bands

(︄
0 qx − iqy

qx + iqy 0

)︄⃓⃓⃓⃓
⃓
q=k−K(φ)

→

(︄
−|k− K(φ)| 0

0 |k− K(φ)|

)︄
(49)

The elements of the new coupling matrices U ′
ij = ⟨ψi|U |ψj⟩ are evaluated using the diagonalized

basis functions

|ψq=k−K(φ)⟩± =
1√
2

⎛⎝± qx−iqy√︂
q2x+q2y

1

⎞⎠ (50)

As per convention, the top layer is rotated by φ = − θ
2
and the bottom one by φ = θ

2
. Electrostatic

interactions can be added, as in the previous section, using Ewald summation, but this approach is

quite computationally expensive and impractical. The latter is because most experiments [52] are

conducted using a metallic gate, where TBG is enclosed between two layers of hexagonal boron

nitride. Thus, in order to save computation time and make the simulation results more comparable

with experiment, the double metallic gate potential [20] is used instead

V (k) ∝ 2π

|a1 × a2|
tanh(D|k|)

|k|
(51)

Here the proportionality constant is calculated to be 0.21t, the gate spacingD = 160a and the TBG

reciprocal unit cell area is given by |a1 × a2| =
√
3a2

8 sin(θ/2)2
. Finally, the Hubbard term is calculated to

be U = 0.0062t.

The band structure is calculated as in the previous section, but now an eigenvalue problem is formed

across all layers, harmonics and reciprocal lattice vector copies, resulting in a 56× 56matrix.
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4.2 Numerical Results

From previous Hartree-Fock studies [20] it is known that the filling of interest isN = +2.0N0,

where the insulator phase transitions to a superconducting one. The above simulation setup might

seem very costly, with 56 sites per momentum point. Fortunately, the first Brillouin zone is now

approximately 80 times smaller in comparison with single layer graphene and, as a rough estimate,

would require just a few sampling points for an equivalent precision analysis, when comparing with

the last section.

Full first Brillouin zone 12-fold symmetry, implemented with b1 =
g′1+g′2

2
, b2 =

g′1−g′2
6

, is used in fur-

ther calculations. Here g′1 = 4π
a
sin
(︁
θ
2

)︁
( 1√

3
, 1) and g′1 = 4π

a
sin
(︁
θ
2

)︁
( 1√

3
,−1) are rotated reciprocal

lattice vectors. A first magic angle value of θ = 1.08◦ has been previously reported for these pa-

rameters, in the case of Hartree-Fock, and thus is used in all further calculations. Note that, in the

case of TBG, the simulation parameter γ had to be adjusted to values of∼ 100 for simulations to

reach the accuracy and efficiency as in the previous section for single layer graphene.

In Fig. 16 the convergence of non-interacting and interacting ECCS energies are displayed for filling

N = +2.0N0 with respect to the total amount of sampled points.

Fig. 16. ECCS energy convergence with respect to the amount of sampled point for fillingN =
+2.0N0. The data is shown separately for the interacting and non-interacting cases.

As predicted previously, it was found that a few sampled points already resulted in convergence.

After extrapolation this corresponded to a non-interacting ECCS energy of E = 0.2101t with a pos-

itive potential shift of∆E = 0.0009t equivalent to a contribution of 0.4%. This result is in accor-

dance with a dimensional analysis estimate of Ne2

ϵN0

√︁
|a1×a2|

∼ 20meV. Further calculations suggest

that a qualitative picture is given at a single sampled point for non-interacting ECCS and 3 sampled

points for ECCS, without extrapolation. The chemical potential is calculated to be µ = 0.0174t.
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Fig. 17. ECCSD energy convergence with respect
to the number of sampled pointsN0 for filling
N = +2.0N0.

Further, ECCSD energy convergence for the

same filling ofN = +2.0N0 is displayed in

Fig. 17 with respect to the total amount of

sampled points. The correlation energy shift

was calculated to be∆E = 0.0006t, repre-

senting a contribution of approximately 40%

to the electrostatic energy. It was estimated

that a qualitative picture is given at a total of

four sampled points. An additional calculation

of the chemical potential gives µ = 0.0209t,

which, in comparison with the value at ECCS

truncation, shows an increase of approximately

20%.

The three sampled points in the 12-fold Brillouin zone for this simulation are shown in Fig. 19 and

the corresponding band structure is displayed in Fig. 18 with ground state energy acting as the

baseline.

Fig. 18. The band structure of TBG at the
three sampled points. Three levels of ECC
truncation are shown.

Fig. 19. Location of the three sampled
points in the 12-fold symmetric triangle of
the first Brillouin zone.

It is immediately visible that electrostatic effects are the leading cause of the insulating-to-superconducting

phase transition in TBG, causing the bands to narrow around 3 times their nominal value. This is in

accordance with previous Hartree-Fock studies. Further analysis shows that particle-hole symmetry

is broken, which was only present along the Γ−K−M symmetry line. Correlation effects are seen

to shift the bands closer together by∼ 10−3 of their magnitudes, thus having almost no influence.

The cause of this is expected to be the same as discussed in the previous section for monolayer

graphene. In tandem with the analysis of the chemical potential, it can be deduced that correlation

effects increase the filling of the valence band relatively significantly. Thus the phase transition is

expected to come at lower fillings, in a further development from other Hartree-Fock studies.
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5 Conclusion and Further Work

In this dissertation, a short introduction to a few of the most widely known many-body techniques

is presented - Hartree-Fock, coupled cluster and exact diagonalization. Further analysis is given of

the correlation effects in a simple system - confined electrons in a one-dimensional box - for both

ground and excited states. It is concluded that, while coupled cluster at doubles truncation pro-

vides a qualitative picture, it breaks down in describing regimes with strong correlation and excited

states of large quantum numbers. Higher levels of truncation are suggested to remedy this.

Further, ECCSD theory is suggested to be a serious contender for studying phase transitions in

strongly correlated systems, due to allowing symmetry-breaking in comparison with normal cou-

pled cluster, which is only a small subset of ECC. A possible implementation of coupled cluster on

top of Hartree-Fock is acknowledged, but is known to only provide a quantitative analysis. There-

fore, a workflow for conducting simulations with ECCSD theory is developed, containing expres-

sions for calculating the ground state energy, chemical potential and single particle excitation ener-

gies. This was accomplished by making use of the particle-hole formalism with half-filling serving as

the vacuum, in order to produce manageable algebra. At singles truncation, the theory is discussed

to be equivalent to Hartree-Fock. Additionally, automatic differentiation is shown to work well as

an approach for conducting these simulations, meanwhile being suitable for any other theories as

well.

An example application to single layer graphene is given, utilizing Ewald summation to account for

the periodicity present in the system. This yielded a successful description of the cause of the elec-

tric field effect in the band structure at singles truncation. At doubles truncation correlation effects

were shown to be of very minor impact to the band structure, but relatively significant in the calcu-

lation of the Fermi level.

A novel study of correlation effects in twisted bilayer graphene is presented as well. This was done

using the BM model in a diagonalized basis with an added double metallic gate potential to account

for electrostatic interactions in an experimental setting - sandwiched between hBN layers. Simu-

lations at singles truncation agreed with previous Hartree-Fock studies in that electrostatic effects

are the leading contribution of the insulating-to-superconducting phase transition, because of the

significant narrowing of the gaps in the band structure. Correlation effects at doubles truncation

showed insignificant contributions to the band structure, but a relatively significant increase of the

Fermi level, indicating lower filling requirements for the phase transition.

The main bottleneck of the presented ECCSD workflow is the memory usage, because of its O(N4)

scaling. Significant improvement on the computational cost of the ECCSD method can be achieved

by implementing the following decomposition of the 4-rank doubles tensors

tijkl → t̃
p
ijs

pt̃
p
kl (52)
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Here the dimensions of the vector s is the same as the amount of sites. This approximation is indi-

rectly equivalent to momentum conservation and can be also done for the rank-4 potential tensor.

For the coupled cluster doubles method, compression rates up to a few hundred are reported [53].

More recent work [54] has developed the tensor hypercontraction method, which decomposes the

above rank-3 tensors even further to matrices using standard numerical algorithms.

With more computational resources and efficient software available, spin and valley effects can be

described and their correlation effects studied, causing the amount of sites to enlarge fourfold. The

former can be done within the BM model by the Hubbard term being present only for the same

site interaction, but with opposite spin

Ĥspin = Un̂i,↓n̂i,↑ (53)

This effect has been shown to create electronically tunable antiferromagnetic and ferromagnetic

phases [55] that can be used to study spin-liquids, with doping potentially giving rise to high tem-

perature superconductivity.

The latter, valley symmetry, is built into the BM model and consideration of valley polarization ef-

fects requires a slightly modified [22] continuum model. This can be done by introducing valley

ξ = {±1} parameterization in the description of a single sheet of graphene

(︄
−|k− K(φ)| 0

0 |k− K(φ)|

)︄
→ ξ

(︄
−|k− ξK(φ)| 0

0 |k− ξK(φ)|

)︄
(54)

Additionally, off-diagonal and distance dependent hopping terms have to be introduced as well, at

the real space stage of the model

Ĥvalley = t(ri − rj)d̂
†
j d̂i (55)

Here t(r) can be calculated, for example, from Slater-Koster rules. Consideration of valley polariza-

tion is known to give rise to secondary effects and [56] to the Josephson diode effect, but doesn’t

exhibit as much interesting phenomena as the addition of spin effects or TBG itself. Thus it can and

is often neglected.

In a final note, it should be obvious that the ECCSD technique, described in this dissertation, can be

applied to study phase transitions of any correlated materials [57], for example, “heavy fermion”

materials, iron pnictide high temperature superconductors, layered dichalcogenides, the correlated

oxides VO2 and Fe3O4 as well as many others.
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